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1. Introduction
In 1934, Grüss [6] showed that for two Lebesgue integrable functions f , g : [a, b] → R,∣∣∣∣∣ 1b − a
∫ b
a
f (t)g(t)dt − 1
b − a
∫ b
a
f (t)dt
1
b − a
∫ b
a
g(t)dt
∣∣∣∣∣ 14 (M − m)(N − n),
provided m,M, n, N are real numbers with the property −∞ < m f M < ∞ and −∞ < n g 
N < ∞ a.e. on [a, b]. The constant 1
4
is best possible in the sense that it cannot be replaced by a smaller
constant.
The following inequality of Grüss type in real or complex inner product spaces is known [3].
Theorem 1. Let (H; 〈·, ·〉) be an inner product space over K (K = C,R) and e ∈ H, ‖e‖ = 1. If
α,β , λ,μ ∈ K and x, y ∈ H are such that conditions
Re〈αe − x, x − βe〉 0, Re〈λe − y, y − μe〉 0
or, equivalently,∥∥∥∥∥x − α + β2 e
∥∥∥∥∥ 12 |α − β|,
∥∥∥∥∥y − λ + μ2 e
∥∥∥∥∥ 12 |λ − μ|
hold, then we have the inequality
|〈x, y〉 − 〈x, e〉 〈e, y〉| 1
4
|α − β||λ − μ|. (1.1)
The constant 1
4
is best possible in (1.1).
Dragomir [5] presented reﬁnements of the Grüss type inequality (1.1) and some companions and
applications. Iliševic´ and Varošanec [7] have proved a reﬁnement of a Grüss type inequality in proper
H∗-modules and C∗-modules.
In this paper we obtain a version for the Schwarz inequality and provide inequalities of Grüss type
in inner product Banach ∗-modules.
2. Preliminaries
Let A be a ∗-algebra. A seminorm γ on A is a real-valued function on A such that for a, b ∈ A
and λ ∈ C: γ (a) 0, γ (λa) = |λ|γ (a), γ (a + b) γ (a) + γ (b). A seminorm γ on A is called a
C∗-seminorm if it satisﬁes the C∗-condition: γ (a∗a) = (γ (a))2 (a ∈ A). By Sebestyen’s theorem
[2, Theorem 38.1] every C∗-seminorm γ on a ∗-algebraA is submultiplicative, i.e., γ (ab) γ (a)γ (b)
(a, b ∈ A), and by [1, Section 39, Lemma 2(i)] γ (a) = γ (a∗). For every a ∈ A, the spectral radius of a
is deﬁned to be r(a) = sup{|λ| : λ ∈ σA(a)}.
The Pták function ρ on ∗-algebra A is deﬁned to be ρ : A → [0,∞), where ρ(a) = (r(a∗a))1/2.
This function has important roles in Banach ∗-algebras, for example, on C∗-algebras, ρ is equal to the
norm and on hermitian Banach ∗-algebras ρ is the greatest C∗-seminorm. By utilizing properties of
the spectral radius and the Pták function, Pták [9] showed in 1970 that an elegant theory for Banach
∗-algebras arises from the inequality r(a) ρ(a).
This inequality characterizes hermitian (and symmetric) Banach ∗-algebras, and further character-
izations of C∗-algebras follow as a result of Pták theory.
Let A be a ∗-algebra. We deﬁne A+ by
A+ =
⎧⎨
⎩
n∑
k=1
a∗k ak : n ∈ N, ak ∈ A for k = 1, 2, . . . , n
⎫⎬
⎭,
and call the elements of A∗ positive.
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The set A+ of positive elements is obviously a convex cone (i.e., it is closed under convex combi-
nations and multiplication by positive constants). Hence we call A+ the positive cone. By deﬁnition,
zero belongs to A+. It is also clear that each positive element is hermitian.
Deﬁnition 1. LetA be a ∗-algebra. A semi-inner productA-module (or semi-inner product ∗-module)
is a complex vector space which is also a right A-module X with a sesquilinear semi-inner product
〈·, ·〉 : X × X → A, fulﬁlling
〈x, ya〉 = 〈x, y〉 a (right linearity)
〈x, x〉 ∈ A+ (positivity)
〈x, y〉∗ = 〈y, x〉 (symmetry)
for x, y ∈ X, a ∈ A. Furthermore, if X satisﬁes the strict positivity condition
x = 0 if 〈x, x〉 = 0 (strict positivity)
then X is called an inner product A-module (or inner product ∗-module).
Let γ be a seminorm or a positive linear functional onA and Γ (x) = (γ (〈x, x〉))1/2 (x ∈ X). If Γ is
a seminorm on a semi-inner productA-module X , then (X,Γ ) is said to be a semi-HilbertA-module.
If Γ is a norm on an inner product A-module X , then (X,Γ ) is said to be a pre-Hilbert A-module.
A pre-Hilbert A-module which is complete with respect to its norm is called a Hilbert A-module.
3. Schwarz inequality
Let ϕ be a positive linear functional on a ∗-algebraA and X be a semi-inner productA-module. We
can deﬁne a sesquilinear form on X × X by σ(x, y) = ϕ(〈x, y〉); the Schwarz inequality for σ implies
that
|ϕ (〈x, y〉)|2 ϕ (〈x, x〉) ϕ (〈y, y〉) . (3.1)
Therefore Φ(x) = (φ(〈x, x〉))1/2 is a seminorm on X and (X,Φ) is a semi-Hilbert A-module.
Proposition 1. Let A be a ∗-algebra and X be a semi-inner product A-module. If γ is a C∗-seminorm on
A and Γ (x) = (γ (〈x, x〉))1/2 (x ∈ X) then the Schwarz inequality holds, that is
(γ (〈x, y〉))2  γ (〈x, x〉) γ (〈y, y〉) . (3.2)
Therefore Γ (x + y)Γ (x) + Γ (y) for every x, y ∈ X. Thus Γ is a seminorm on X and (X,Γ ) is a semi-
Hilbert A-module.
Proof. First we show that γ has the following monotone property:
γ (a) γ (b) if 0 a b (a, b ∈ A).
Let Jγ be the ideal deﬁned by
Jγ = {a ∈ A : γ (a) = 0}
and γ˜ the algebra norm deﬁned on the algebra A/Jγ by
γ˜ (b) = γ (a) (a ∈ b ∈ A/Jγ ).
Wedenote by Bγ the completion ofA/Jγ with respect to the norm γ˜ andwe denote also by γ˜ the usual
extension of this norm to Bγ . Suppose that a, b ∈ A and 0 a b, then [a] = a + Jγ  b + Jγ = [b]
in A/Jγ . Since γ˜ is a C∗-norm on Bγ therefore γ˜ ([a]) γ˜ ([b])[8, Theorem 2.2.5(3)] consequently
γ (a) γ (b).
The rest of the proof is similar to the proof of Lemma 15.1.3 in [10]; we include it for the sake of
completion:
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If γ (〈x, y〉) = 0, this is trivial. Suppose that γ (〈x, y〉) /= 0 put a:=〈x, x〉, b:=〈y, y〉, c :=〈x, y〉 and
let λ be an arbitrary real number. Then
0
〈
x − yλc∗, x − yλc∗〉 = a − 2λcc∗ + λ2cbc∗. (3.3)
Adding the self-adjoint element 2λcc∗ at both sides and taking seminorms, we obtain
2|λ|γ (c)2  γ (a + λ2cbc∗) γ (a) + λ2γ (cbc∗) γ (a) + λ2γ (c)2γ (b).
Now, for all λ ∈ R we have the inequality
0 γ (c)2γ (b) · λ2 − 2γ (c)2|λ| + γ (a),
so that the discriminant 4γ (c)4 − 4γ (c)2γ (b)γ (a) must be non-positive. Since we suppose that
γ (c) /= 0, by dividing with 4γ (c)2 we deduce the desired inequality (3.2).
It follows that
Γ (x + y)2=γ (〈x + y, x + y〉)
 γ (〈x, x〉) + γ (〈x, y〉) + γ (〈y, x〉) + γ (〈y, y〉)
 γ (〈x, x〉) + 2(γ (〈x, x〉)) 12 (γ (〈y, y〉)) 12 + γ (〈y, y〉)
=
(
(γ (〈x, x〉)) 12 + (γ (〈y, y〉)) 12
)2
=(Γ (x) + Γ (y))2.
Therefore Γ is a seminorm on X , and (X,Γ ) is a semi-Hilbert A-module. 
Example 1. (a) Let A be a ∗-algebra and γ a positive linear functional or a C∗-seminorm on A. It
is known that (A, γ ) is a semi-Hilbert A-module over itself with the inner product deﬁned by
〈a, b〉:=a∗b, in this case Γ = γ .
(b) Let A be a hermitian Banach ∗-algebra and ρ be the Pták function on A. If X is a semi-inner
product A-module and P(x) = (ρ(〈x, x〉))1/2 (x ∈ X), then (X, P) is a semi-Hilbert A-module.
(c) LetA be a A∗-algebra and | · | be the auxiliary norm onA. If X is an inner productA-module and
|x| = |〈x, x〉|1/2 (x ∈ X), then (X, | · |) is a pre-Hilbert A-module.
Remark 1. Let ϕ be a positive linear functional on a unital Banach ∗-algebra A, X a semi-inner A-
module and x, y ∈ X . Put a:=〈x, x〉, b:=〈y, y〉 and c :=〈x, y〉. From (3.3) and [1, Section 37, Lemma
6(iii)] we have
2λcc∗  a + λ2cbc∗, therefore 2λϕ(cc∗)ϕ(a + λ2cbc∗) = ϕ(a) + λ2ϕ(cbc∗)
ϕ(a) + λ2ϕ(cc∗)r(b).
Thus for all λ ∈ R inequality 0 λ2ϕ(cc∗)r(b) − 2λϕ(cc∗) + ϕ(a) holds. So the discriminant
ϕ(cc∗)2 − ϕ(cc∗)ϕ(a)r(b) = ϕ(cc∗)(ϕ(cc∗) − ϕ(a)r(b)) 0. This implies that
ϕ(cc∗)ϕ(a)r(b) or ϕ(〈x, y〉 〈y, x〉)ϕ(〈x, x〉)r(〈y, y〉). (3.4)
Now suppose that X is a semi-inner product C∗-module on C∗-algebra A and a, b, c are as above. By
[8, Theorem 3.3.6] there is a state ϕ onA such that ϕ(cc∗) = ‖cc∗‖ = ‖c‖2. Using inequality (3.4) we
have
‖c‖2 = ϕ(cc∗)ϕ(a)r(b) ‖a‖‖b‖.
Therefore (3.4) is a reﬁnement of Schwarz’s inequality for semi-inner product C∗-modules [10, Lemma
15.1.3].
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4. Grüss type inequalities
We assume, unless stated otherwise, throughout this section that A is a unital Banach ∗-algebra.
The following Lemma 1 is a version of [4, Lemma 2.1] for a semi-inner product A-module and the
following Lemma 3 is a version of [4, Lemma 2.4] for an inner product A-module.
Lemma 1. Let X be a semi-inner product A-module, and x, y ∈ X,α,β ∈ C. Then
Re 〈αy − x, x − βy〉 0
if and only if〈
x − α + β
2
y, x − α + β
2
y
〉

1
4
|α − β|2 〈y, y〉 .
Proof. Follows from the equalities:
Re 〈αy − x, x − βy〉= 1
2
(〈αy − x, x − βy〉 + 〈x − βy,αy − x〉)
= α¯ + β¯
2
〈y, x〉 − α¯β + β¯α
2
〈y, y〉 − 〈x, x〉 + α + β
2
〈x, y〉
= 1
4
|α − β|2 〈y, y〉 −
〈
x − α + β
2
y, x − α + β
2
y
〉
. 
Lemma 2. Let X be an inner product A-module and x, y, e ∈ X. If 〈e, e〉 is idempotent, then e〈e, e〉 = e,
and therefore
〈e, e〉 〈e, x〉 = 〈e, x〉 , 〈x, e〉 = 〈x, e〉 〈e, e〉 .
Proof. Observe that the equality
〈e 〈e, e〉 − e, e 〈e, e〉 − e〉=〈e 〈e, e〉 , e 〈e, e〉〉 − 〈e 〈e, e〉 , e〉 − 〈e, e 〈e, e〉〉 + 〈e, e〉
=〈e, e〉 〈e, e〉 〈e, e〉 − 〈e, e〉 〈e, e〉 − 〈e, e〉 〈e, e〉 + 〈e, e〉
=0,
implies that e〈e, e〉 − e = 0.
The rest follows from this fact and we omit the details. 
Lemma 3. Let X be an inner productA-module and γ be a C∗-seminorm or a positive linear functional on
A and Γ (x) = (γ (〈x, x〉))1/2 (x ∈ X). If x, e ∈ X and 〈e, e〉 is an idempotent then
0 〈x, x〉 − 〈x, e〉 〈e, x〉
and
γ (〈x, x〉 − 〈x, e〉 〈e, x〉) inf
λ∈C Γ (x − λe)
2.
Proof. Observe, for any a ∈ A, that
〈x − ea, x − e 〈e, x〉〉=〈x, x〉 − 〈x, e 〈e, x〉〉 − 〈ea, x〉 + 〈ea, e 〈e, x〉〉
=〈x, x〉 − 〈x, e〉 〈e, x〉 − a∗ 〈e, x〉 + a∗ 〈e, e〉 〈e, x〉
=〈x, x〉 − 〈x, e〉 〈e, x〉 .
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This implies that
〈x, x〉 − 〈x, e〉 〈e, x〉 = 〈x − e 〈e, x〉 , x − e 〈e, x〉〉 0.
Also observe, for any λ ∈ C, that
〈x − λe, x − e 〈e, x〉〉=〈x, x〉 − 〈x, e 〈e, x〉〉 − 〈λe, x〉 + 〈λe, e 〈e, x〉〉
=〈x, x〉 − 〈x, e〉 〈e, x〉 − λ¯ 〈e, x〉 + λ¯ 〈e, e〉 〈e, x〉
=〈x, x〉 − 〈x, e〉 〈e, x〉 .
Using Schwarz’s inequality, we have
γ (〈x, x〉 − 〈x, e〉 〈e, x〉)2=γ (〈x − λe, x − e 〈e, x〉〉)2
 γ (〈x − λe, x − λe〉)γ (〈x − e 〈e, x〉 , x − e 〈e, x〉〉)
=γ (〈x − λe, x − λe〉)γ (〈x, x〉 − 〈x, e〉 〈e, x〉),
therefore giving the bound
γ (〈x, x〉 − 〈x, e〉 〈e, x〉) γ (〈x − λe, x − λe〉) = Γ (x − λe)2 λ ∈ C.
Taking the inﬁmum in the above relation over λ ∈ C, we deduce
γ (〈x, x〉 − 〈x, e〉 〈e, x〉) inf
λ∈C Γ (x − λe)
2. 
Let X be a semi-inner productA-module, x, y ∈ X,α,β ∈ C and γ be a C∗-seminorm or a positive
linear functional onA. PutΓ (x) = (γ (〈x, x〉))1/2(x ∈ X). By Lemma1, Re〈αy − x, x − βy〉 0 implies
that
Γ
(
x − α + β
2
y
)2
=γ
(〈
x − α + β
2
y, x − α + β
2
y
〉)

1
4
|α − β|2γ (〈y, y〉)
= 1
4
|α − β|2Γ (y)2.
Also, let 0 /= e ∈ X and 〈e, e〉 be idempotent. If γ is a C∗-seminorm, then it is trivial that γ (〈e, e〉) = 0
or γ (〈e, e〉) = 1, i.e., Γ (e) 1.
Lemma 4. Let X bean inner productA-module,γ beaC∗-seminormonAandΓ (x) = (γ (〈x, x〉))1/2 (x ∈
X). If x, y, e ∈ X, 〈e, e〉 is idempotent and α,β , λ,μ are real or complex numbers such that
Γ
(
x − α + β
2
e
)

1
2
|α − β|, Γ
(
y − λ + μ
2
e
)

1
2
|λ − μ|
hold, then one has the inequality
γ (〈x, y〉 − 〈x, e〉 〈e, y〉) 1
4
|α − β||λ − μ|.
Furthermore, if there is a non zero element f in X such that 〈e, f 〉 = 0 and Γ (f ) /= 0, then the constant 1
4
is best possible.
Proof. By (3.2), Γ is a seminorm on X . It can be easily shown that,
〈x, y〉 − 〈x, e〉 〈e, y〉 = 〈x − e 〈e, x〉 , y − e 〈e, y〉〉 .
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From the Schwarz inequality, we obtain
γ (〈x, y〉 − 〈x, e〉 〈e, y〉)
= γ (〈x − e 〈e, x〉 , y − e 〈e, y〉〉)
 γ (〈x − e 〈e, x〉 , x − e 〈e, x〉〉) 12 γ (〈y − e 〈e, y〉 , y − e 〈e, y〉〉) 12 (4.1)
= γ (〈x, x〉 − 〈x, e〉 〈e, x〉) 12 γ (〈y, y〉 − 〈y, e〉 〈e, y〉) 12 .
Using Lemma 3 and the above assumptions, we have that
γ (〈x, x〉 − 〈x, e〉 〈e, x〉) 12  inf
λ∈C Γ (x − λe)
Γ
(
x − α + β
2
e
)

1
2
|α − β|
and
γ (〈y, y〉 − 〈y, e〉 〈e, y〉) 12  inf
λ∈C Γ (y − λe)
Γ
(
y − λ + μ
2
e
)

1
2
|λ − μ|.
Therefore the desired inequality is obtained.
Now we show that the constant 1
4
is best possible. If f is a non zero element of X with Γ (f ) /= 0
such that 〈e, f 〉 = 0 and given  > 0, then for
x = |α − β|
2(Γ (f ) + ) f +
α + β
2
e, y = |λ − μ|
2(Γ (f ) + ) f +
λ + μ
2
e
the assumptions of the previous lemma hold and in this case
γ (〈x , y〉 − 〈x , e〉 〈e, y〉) = |α − β||λ − μ|
4
· Γ (f )
2
(Γ (f ) + )2 .
Now if c is a constant such that 0 < c < 1
4
then there is a  > 0 such that Γ (f )
2
4(Γ (f )+)2 > c. Therefore
γ (〈x , y〉 − 〈x , e〉 〈e, y〉) > c|α − β||λ − μ|. 
In the following lemma ϕ is a positive linear functional on A. Putting Φ(x) = ϕ(〈x, x〉) 12 (x ∈ X),
by (3.1), Φ is a seminorm on X . Therefore we have:
Lemma 5. Let X be an inner productA-module and ϕ a positive linear functional onA. If x, y, e ∈ X, 〈e, e〉
is idempotent and α,β , λ,μ are real or complex numbers such that
Φ
(
x − α + β
2
e
)

1
2
|α − β|Φ(e), Φ
(
y − λ + μ
2
e
)

1
2
|λ − μ|Φ(e)
hold, then one has the inequality
|ϕ(〈x, y〉 − 〈x, e〉 〈e, y〉)| 1
4
|α − β||λ − μ|Φ(e)2.
Furthermore, if there is a non zero element f in X such that 〈e, f 〉 = 0 and Φ(f ) /= 0 then the constant 1
4
is best possible.
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We are able now to state our ﬁrst main result:
Theorem 2. Let X be an inner productA-module, γ a C∗-seminorm onA and Γ (x) = (γ (〈x, x〉)) 12 (x ∈
X). If x, y, e ∈ X, 〈e, e〉 is idempotent and α,β , λ,μ are real or complex numbers such that
Γ
(
x − α + β
2
e
)

1
2
|α − β|, Γ
(
y − λ + μ
2
e
)

1
2
|λ − μ|
hold, then one has the inequality
γ (〈x, y〉 − 〈x, e〉 〈e, y〉)

1
4
|α − β||λ − μ| −
⎛
⎝1
4
|α − β|2 − Γ
(
x − α + β
2
e
)2⎞⎠
1
2
×
⎛
⎝1
4
|λ − μ|2 − Γ
(
y − λ + μ
2
e
)2⎞⎠
1
2
. (4.2)
Furthermore, if there is a non zero element f in X such that 〈e, f 〉 = 0 and Γ (f ) /= 0 then the constant 1
4
is best possible.
Proof. A simple calculation shows that
〈αe − e 〈e, x〉 , e 〈e, x〉 − βe〉 − 〈αe − x, x − βe〉 = 〈x, x〉 − 〈x, e〉 〈e, x〉 ,
therefore
Re 〈αe − e 〈e, x〉 , e 〈e, x〉 − βe〉 − Re 〈αe − x, x − βe〉 = 〈x, x〉 − 〈x, e〉 〈e, x〉 .
Since 〈a, b〉 + 〈b, a〉 1
2
〈a + b, a + b〉, so
Re 〈αe − e 〈e, x〉 , e 〈e, x〉 − βe〉 1
4
|α − β|2 〈e, e〉 .
As in the proof of Lemma 1
Re 〈αe − x, x − βe〉 = 1
4
|α − β|2 〈e, e〉 −
〈
x − α + β
2
e, x − α + β
2
e
〉
,
therefore
〈x, x〉 − 〈x, e〉 〈e, x〉
〈
x − α + β
2
e, x − α + β
2
e
〉
. (4.3)
Analogously
〈y, y〉 − 〈y, e〉 〈e, y〉
〈
y − λ + μ
2
e, y − λ + μ
2
e
〉
. (4.4)
We obtain
γ (〈x, x〉 − 〈x, e〉 〈e, x〉)γ (〈y, y〉 − 〈y, e〉 〈e, y〉)Γ
(
x − α + β
2
e
)2
Γ
(
y − λ + μ
2
e
)2
.
Finally, using the elementary inequality for real numbers
(m2 − n2)(p2 − q2)(mp − nq)2
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on
m = 1
2
|α − β|, n =
⎡
⎣1
4
|α − β|2 − Γ
(
x − α + β
2
e
)2⎤⎦
1
2
,
p = 1
2
|λ − μ|, q =
⎡
⎣1
4
|λ − μ|2 − Γ
(
y − λ + μ
2
e
)2⎤⎦
1
2
,
we get
Γ
(
x − α + β
2
e
)
Γ
(
y − λ + μ
2
e
)

1
4
|α − β||λ − μ| −
⎛
⎝1
4
|α − β|2 − Γ
(
x − α + β
2
e
)2⎞⎠
1
2
×
⎛
⎝1
4
|λ − μ|2 − Γ
(
y − λ + μ
2
e
)2⎞⎠
1
2
.
The fact that 1
4
is the best constant can be proven in a similarmanner to the one in the previous lemma.
The details are omitted. 
Similarly for a positive linear functional ϕ, the following theorem holds.
Theorem 3. LetX bean innerproductA-module,ϕ apositive linear functionalAandΦ(x) = (ϕ(〈x, x〉)) 12
(x ∈ X). If x, y, e ∈ X, 〈e, e〉 is idempotent and α,β , λ,μ are real or complex numbers such that
Φ
(
x − α + β
2
e
)

1
2
|α − β|Φ(e), Φ
(
y − λ + μ
2
e
)

1
2
|λ − μ|Φ(e)
hold, then one has the inequality
|ϕ(〈x, y〉 − 〈x, e〉 〈e, y〉)|

1
4
|α − β||λ − μ|Φ(e)2 −
⎛
⎝1
4
|α − β|2Φ(e)2 − Φ
(
x − α + β
2
e
)2⎞⎠
1
2
×
⎛
⎝1
4
|λ − μ|2Φ(e)2 − Φ
(
y − λ + μ
2
e
)2⎞⎠
1
2
. (4.5)
Furthermore, if there is a non zero element f in X such that 〈e, f 〉 = 0 andΦ(f ) /= 0, then the constant
1
4
is best possible.
Remark 2
(i) If in the above theorem ϕ is a state onA then, obviously, inequality (4.5) becomes the following:
|ϕ(〈x, y〉 − 〈x, e〉 〈e, y〉)|
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
1
4
|α − β||λ − μ| −
⎛
⎝1
4
|α − β|2 − Φ
(
x − α + β
2
e
)2⎞⎠
1
2
×
⎛
⎝1
4
|λ − μ|2 − Φ
(
y − λ + μ
2
e
)2⎞⎠
1
2
. (4.6)
(ii) Let X be an inner product C∗-module and x, y, e ∈ X . If 〈e, e〉 is idempotent and α,β , λ,μ are real
or complex numbers such that∥∥∥∥∥x − α + β2 e
∥∥∥∥∥ 12 |α − β|,
∥∥∥∥∥y − λ + μ2 e
∥∥∥∥∥ 12 |λ − μ| (4.7)
hold, then by [8, Theorem 3.3.6] there are states ϕ and ψ on a C∗-algebra A such that
ϕ(〈x, x〉 − 〈x, e〉 〈e, x〉) = ‖ 〈x, x〉 − 〈x, e〉 〈e, x〉 ‖
and
ψ(〈y, y〉 − 〈y, e〉 〈e, y〉) = ‖ 〈y, y〉 − 〈y, e〉 〈e, y〉 ‖.
Inequalities (4.3) and (4.4) imply that
ϕ(〈x, x〉 − 〈x, e〉 〈e, x〉)ϕ
(〈
x − α + β
2
e, x − α + β
2
e
〉)
(4.8)
and
ψ(〈y, y〉 − 〈y, e〉 〈e, y〉)ψ
(〈
y − λ + μ
2
e, y − λ + μ
2
e
〉)
. (4.9)
From Schwarz’s inequality (4.1) and inequalities (4.8) and (4.9) we get
‖ 〈x, y〉 − 〈x, e〉 〈e, y〉 ‖ ‖ 〈x, x〉 − 〈x, e〉 〈e, x〉 ‖ 12 ‖ 〈y, y〉 − 〈y, e〉 〈e, y〉 ‖ 12
=ϕ(〈x, x〉 − 〈x, e〉 〈e, x〉) 12 ψ(〈y, y〉 − 〈y, e〉 〈e, y〉) 12
Φ
(
x − α + β
2
e
)

(
y − λ + μ
2
e
)
.
By (4.7) we have
Φ
(
x − α + β
2
e
)

∥∥∥∥∥x − α + β2 e
∥∥∥∥∥ |α − β|2 ,

(
y − λ + μ
2
e
)

∥∥∥∥∥y − λ + μ2 e
∥∥∥∥∥ |λ − μ|2 .
Using the elementary inequality for real numbers
(m2 − n2)(p2 − q2)(mp − nq)2
for
m = 1
2
|α − β|, n =
⎡
⎣1
4
|α − β|2 − Φ
(
x − α + β
2
e
)2⎤⎦
1
2
and
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p = 1
2
|λ − μ|, q =
⎡
⎣1
4
|λ − μ|2 − 
(
y − λ + μ
2
e
)2⎤⎦
1
2
,
we obtain
‖ 〈x, y〉 − 〈x, e〉 〈e, y〉 ‖

1
4
|α − β||λ − μ| −
⎛
⎝1
4
|α − β|2 − Φ
(
x − α + β
2
e
)2⎞⎠
1
2
×
⎛
⎝1
4
|λ − μ|2 − 
(
y − λ + μ
2
e
)2⎞⎠
1
2

1
4
|α − β||λ − μ| −
⎛
⎝1
4
|α − β|2 −
∥∥∥∥∥x − α + β2 e
∥∥∥∥∥
2
⎞
⎠
1
2
×
⎛
⎝1
4
|λ − μ|2 −
∥∥∥∥∥y − λ + μ2 e
∥∥∥∥∥
2
⎞
⎠
1
2
, (4.10)
which is a reﬁnement of the Grüss inequality for inner product C∗-modules [7, Theorem 5.1].
(iii) By inequality (3.4) we may obtain another reﬁnement of [7, Theorem 5.1]:
Put G = 〈x, y〉 − 〈x, e〉〈e, y〉 and R(x) = (r〈x, x〉) 12 . For every positive linear functional ϕ on A
we have
ϕ(GG∗) 1
4
|α − β||λ − μ| −
⎛
⎝1
4
|α − β|2 − Φ
(
x − α + β
2
e
)2⎞⎠
1
2
×
⎛
⎝1
4
|λ − μ|2 − R
(
y − λ + μ
2
e
)2⎞⎠
1
2
,
and we know that there is a state ϕ on the C∗-algebra A such that ϕ(GG∗) = ‖GG∗‖ = ‖G‖2.
5. A companion of the Grüss inequality
The following companion of the Grüss inequality for positive linear functionals holds:
Theorem 4. Let X be an inner product A-module, ϕ a positive linear functional on A and x, y, e ∈ X. If
〈e, e〉 is idempotent and α,β , λ,μ are real or complex numbers such that
Re 〈αe − x, x − βe〉 0, Re 〈λe − y, y − μe〉 0
hold, then one has the inequality
|ϕ(〈x, y〉 − 〈x, e〉 〈e, y〉)| 1
4
|α − β||λ − μ|Φ(e)2
−Φ
(
α + β
2
e − e 〈e, x〉
)
Φ
(
λ + μ
2
e − e 〈e, x〉
)
.
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Furthermore, if there is a non zero element f in X such that 〈e, f 〉 = 0 and Φ(f ) /= 0 then the constant 1
4
is best possible.
Proof. For every k ∈ K we have
〈x, x〉 − 〈x, e〉 〈e, x〉 = 〈x − ke, x − ke〉 − 〈ke − e 〈e, x〉 , ke − e 〈e, x〉〉 .
For k = α+β
2
Lemma 1 implies that
〈x, x〉 − 〈x, e〉 〈e, x〉 1
4
|α − β|2 〈e, e〉 −
〈
α + β
2
e − e 〈e, x〉 , α + β
2
e − e 〈e, x〉
〉
.
Therefore
ϕ(〈x, x〉 − 〈x, e〉 〈e, x〉) 1
4
|α − β|2Φ(e)2 − Φ
(
α + β
2
e − e 〈e, x〉
)2
.
Analogously
ϕ(〈y, y〉 − 〈y, e〉 〈e, y〉) 1
4
|λ − μ|2Φ(e)2 − Φ
(
λ + μ
2
e − e 〈e, x〉
)2
.
Using Schwarz’s inequality and the elementary inequality for real numbers
(m2 − n2)(p2 − q2)(mp − nq)2
we obtain
(ϕ(〈x, y〉 − 〈x, e〉 〈e, y〉))2
ϕ(〈x, x〉 − 〈x, e〉 〈e, x〉)ϕ(〈y, y〉 − 〈y, e〉 〈e, y〉)

[
1
4
|α − β||λ − μ|Φ(e)2 − Φ
(
α + β
2
e − e 〈e, x〉
)
Φ
(
λ + μ
2
e − e 〈e, x〉
)]2
.
Therefore we get
|ϕ(〈x, y〉 − 〈x, e〉 〈e, y〉)|

1
4
|α − β||λ − μ|Φ(e)2 − Φ
(
α + β
2
e − e 〈e, x〉
)
Φ
(
λ + μ
2
e − e 〈e, x〉
)
. 
Other inequalities related to the Grüss inequality such as Theorem 18, Proposition 18, Theorem
20, Corollary 20 and Remark 23 in [5], have versions that are valid for positive linear functionals and
C∗-seminorms on unital Banach ∗-algebras. However, the details are omitted.
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